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GALOIS GROUPS OF SOME VECTORIAL POLYNOMIALS

SHREERAM S. ABHYANKAR AND NICHOLAS F. J. INGLIS

ABSTRACT. Previously nice vectorial equations were constructed having var-
ious finite classical groups as Galois groups. Here such equations are con-
structed for the remaining classical groups. The previous equations were genus
zero equations. The present equations are strong genus zero.

1. INTRODUCTION

Let ¢ > 1 be a power of a prime p, let k, be an overfield of GF(q), and let
m > 0 be an integer. In previous papers [Ab4], [AbS], [Ab6] the Galois groups of
the following vectorial g-polynomials
Yq2m—1 + Xq/qu + qu7n—1 + K

2m m—41

ENY)=Y9" +T9Y1

2m

E-(Y)=Y"" 4+ 77y

&
=
I

1

XY Ty %

+ ququt+1 o quvnfl o qum72 _ K

a2
over the fields kq(X), kq(X,T), kq(X,T) were shown to be the odd dimensional
unitary, symplectic, and even dimensional negative (i.e., whose Witt index is one
less than half its dimension) orthogonal groups SU(2m — 1,¢’), Sp(2m,q), and
Q™ (2m, q), respectively, where it was assumed that k, = k, (the algebraic closure
of k,); moreover, it was also assumed that, in the unitary case m > 1 and q = (¢’)*
for some power ¢’ > 1 of p, in the symplectic case m > 2, and in the orthogonal case
m > 3 and p > 2. For the symplectic case, in [AL1] and |AL2] it was shown that
the assumption k; = Eq can be removed and the assumption m > 2 can be replaced
by the assumption m > 1; moreover, in [In2] it was shown that after putting 7' =1
in E5(Y), its Galois group over k,(X) remains Sp(2m, q).

Likewise, in [Ab2], [Ab3|, [AbS], [AbY], it was shown that the Galois groups of
the vectorial trinomials

EX(Y)=Y" + XY74 (-1)™Y and E™(Y)=Y? +Y9+XY

over kq(X) are the special linear and general linear groups SL(m, ¢) and GL(m, q)
respectively, where m > 1.

Received by the editors March 22, 2000.

2000 Mathematics Subject Classification. Primary 12F10, 14H30, 20D06, 20E22.

Abhyankar’s work was partly supported by NSF Grant DMS 97-32592 and NSA grant MDA
904-99-1-0019.

(©2001 American Mathematical Society

2941



2942 SHREERAM S. ABHYANKAR AND NICHOLAS F. J. INGLIS

In this paper we take care of the remaining classical groups by showing that the
Galois groups of the following vectorial g-polynomials

BYHY)=Ye" — x7- 1y’ L xdye" —ye 4 X9y,
Eo (Y) — Yq2m+1 o X(I_lyqzm—l + Xqum+1 _ Xqum + Yq2 _ X(]—ly"
E+ (Y) _ Yqzm _ Yqszl _ Xq_1Yq2m72 " Xq_1Yq2m73

L Xy 4 y? _ye — xe-lye g xa-ly,

over kq(X) are the even dimensional unitary, odd dimensional orthogonal, and even
dimensional positive (i.e, whose Witt index equals half its dimension) orthogonal
groups U(2m, q'), SO(2m+1, q), and SOT(2m, q), where m > 1, m > 2, and m > 3,
respectively; in the unitary case we assume ¢ = (¢’)? for some power ¢’ of p; in the
odd dimensional orthogonal case when ¢ is even we suppose m > 3 and note that
SO equals O; in the even dimensional orthogonal case when ¢ is even the answer
may be Q1 (2m, q).

According to the terminology introduced in [Ab7], the symplectic and special lin-
ear equations, i.e., the polynomials Y "' E%(Y) and Y "' E*(Y'), are genus zero, i.e.,
they are linear in X, the odd dimensional unitary and even dimensional negative or-
thogonal equations, i.e., the polynomials Y "' Et and Y"1 E~(Y), are almost genus
zero, i.e., they have genus zero factors having the same splitting fields as the poly-
nomials themselves, the general linear equation, i.e., the polynomial Y"1 E**(Y),
is strong genus zero, i.e., it is genus zero and in it only the constant term involves
X, and the new polynomials Y " E*(Y), Y "1E°(Y), and Y "' ET(Y") will be shown
to be almost strong genus zero, i.e., they have strong genus zero factors having the
same splitting fields as the polynomials themselves. Again as said in [Ab7], this is
in concordance with the Guralnick-Saxl List given in Theorem 3.1(B) of their paper
IGSal]. Indeed it was this list which prompted the construction of the last three
polynomials. We shall explain the link between our approach and that of Guralnick
and Saxl in the remarks at the end of the paper.

The establishment of the Galois groups of the first three polynomials Ef, Ef,
E~, was based on the Orbit Size Theorems of Liebeck [Lil], the Rank 3 Theorems of
Kantor [Kan|, and the Antiflag Transitive Theorems of Cameron-Kantor [CKal, and
involved some very intricate polynomial factorizations developed for applying these
Recognition Theorems of Group Theory. At the end of [AbT7] these factorizations
were codified into a MANTRA. In [ALI], [AL2], and [In2], this mantra helped
to convert the subdegree factorizations into factorizations yielding the underlying
symplectic forms. Likewise, in this paper we shall use the mantra to construct
the relevant quadratic and hermitian forms and hence to factorize the original
polynomials.

By writing (ETT,q,m) for (E*, ¢/,2m) we get the vectorial g-polynomial

2

Eff(Y)=ye" — xo-lys" " 4 xayd" —yd 4 xoly

where m > 2 (and ¢ need not be a square). This is the incarnation of E* we shall
mostly deal with, and we shall show that in case of odd m the Galois group of ETt
over kq(X) is SOT(2m, q) except that when ¢ is even it may be Q1 (2m,q). For
even m, as indicated, by changing notation we revert to E* and, as said above, if
GF(q?) C kg, then the Galois group of Eff over k,(X) is U(m, q).
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In Sections 2—5 we shall discuss some generalities about quadratic and hermitian
forms. Then in Section 6, as our main step, by an implicit invocation of the Mantra,
we shall factor the three vectorial g-polynomials ETf, E°, Bt and show that each
one of them gives rise to a quadratic form on its root-space which is left invariant by
the corresponding Galois group. Finally, in Section 7 we shall calculate the Galois
groups; there we shall also review the definitions of the orthogonal and unitary
groups.

Let us start off by recalling that, according to [AbS8]|, a separable vectorial g-
polynomial of g-degree d (with integer d > 0) over an overfield K of k, is a poly-
nomial of the form

EY)= Z aiY‘fH with a; € K and ag # 0 # aq
0<i<d

(where separable refers to ag # 0 and monic means ag = 1) and upon letting

V[E] = (the root-space of E) = the set of all roots of F in K

where K is the algebraic closure of K, we have the following. (Observe that we
are using < to denote subgroup, although the first author used < in his previous

papers.)

Note (1.1). V[E] is a d-dimensional GF(g)-subspace of K, and in a natural manner
Gal(E, K) < GL(V[E]), i.e., the Galois group Gal(E, K) of E over K is a subgroup
of the group GL(V[E]) of all nonsingular GF(g)-linear transformations of V[E],
which by choosing a basis of V[E] may be identified with the group GL(m, ) of all
m x m nonsingular matrices over GF(q).

For any finite-dimensional GF(g)-subspace V of K we put

) = [Lv -o)
veV
and then, according to the partial converse of (1.1) proved in (3.9) of [Ab9], we see
that:

Note (1.2). fy is a monic separable vectorial g-polynomial over K whose g-degree
equals dim(V'); moreover V{fy] = V, and if fy(Y) € K[Y] then K(V) = the
splitting field of fy over K and Gal(fy, K) < GL(V).

It follows that:

Note (1.3). V — fy gives a bijection of the set of all finite-dimensional k-subspaces
of K onto the set of all monic separable vectorial g-polynomials over K; in this
bijection, a d-dimensional V' corresponds to a vectorial g-polynomial of g-degree d;
in particular, the zero space corresponds to the polynomial Y.

Our assertions about the Galois groups of Ef,..., E* ... ETt are in the sense
of (1.1). For instance, Gal(E*, K) = U(2m,q) with (d, K) = (2m, k,(X)) means
Gal(E*, K) as a subgroup of GL(V[E?]) coincides with the isometry group of some
hermitian form over V[E*]. The polynomials Ef,...  E* ... Eft like various other
explicit polynomials with interesting Galois groups dealt with in [Ab2] to [AD9],
[ALL], [AL2], and [In2], are essentially special cases of the families of polynomials
giving unramified coverings of the affine line and once-punctured affine line which
were written down in the 1957 paper [AbI] and which gave rise to the Affine Curve
Conjecture formulated in that paper. The said conjecture (sometimes called the
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Abhyankar Conjecture) says that for any nonnegative integer ¢ and any nonsingular
projective curve C, of genus g over an algebraically closed ground field of charac-
teristic p we have ma(Cy) = Qo2g+4+(p) where the algebraic fundamental group
7a(Cyy) of Cyy = Cy minus ¢ + 1 points is defined to be the set of all Galois
groups of unramified finite Galois coverings of C,;, and where Q;(p) is the set of
all finite groups G for which G/p(G) is generated by t generators with p(G) being
the subgroup of G generated by all of its p-Sylow subgroups. The brilliant proof
of this given by Harbater [Har] and Raynaud [Ray] being existential in nature, it
is worthwhile to continue with the project of finding explicit equations for the said
coverings. Moreover, explicit equations tend to enhance our knowledge of what
happens over finite ground fields.

2. QUADRATIC FORMS

As common notation for the next four sections, let V' be a d-dimensional (d-
finite) vector space over a field k, and let e1, ..., eq be a basis of V. Let Lin(V) be
the k-vector-space of all linear functions « : V' — k. Note that then

o — ha(X) = ha(Xla s 7Xd) = Za(ei)Xi

gives an isomorphism of Lin(V') onto the k-vector-space of all homogeneous linear
polynomials in k[X], where h, is characterized by the condition

a(z zie;) = ho(x) for all z = (x4, ..., 24) € k%

Let Bil(V') be the k-vector-space of all bilinear functions b: V' x V' — k. Note that
then

b hy(X, X') = hy(X1,.. Xa, X, X)) =D blei,e;) X X]

gives an isomorphism of Bil(V') onto the k-vector-space of all homogeneous bilinear
polynomials in k[X, X’], where h;, is characterized by the condition

b(Z i€, Z zhej) = hy(z, 2')

for all © = (21,...,24) and 2’ = (2}, ..., 2}) in k%

Next we claim “product generation” which says that Bil(V') is generated by “prod-
uct elements,” i.e., elements of the form v : V x V — k where v(u,v) = a(u)5(v)
for all u,v in V, with & and /3 in Lin(V'). Note that such a product element, which
we may denote by af, clearly belongs to Bil(V'). To prove the claim, given any b
in Bil(V), let b;; = b(es,e;). Then b = " b;jy;; where v;; in Bil(V) is given by
vij(eir, e5r) = 8955 in terms of the Kronecker delta. Let ; in Lin(V') be given by
a;(ey) = 0ir. Then v;;(eir, ej) = a;(ey)aj(ejr). Therefore v;; equals the product
element ;.

Let Qua(V) be the k-vector-space of all quadratic functions on V. Recall that
these are functions ¢ : V' — k such that c¢(Av) = A2c(v) for all A € k and v € V
and such that the associated bivariate function b(u,v) = c¢(u + v) — c(u) — c(v) is
bilinear. Note that then

e ho(X) = he(X1,..., Xa) =Y c(e) X2+ > bles, ) XiX;

% i<j
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gives an isomorphism of Qua(V') onto the k-vector-space of all homogeneous qua-
dratic polynomials in k[X], where h. is characterized by the condition

C(Z zie)) = he(z) for all z = (zq,...,24) € k%

If
MX) =" cX2+> bijXiX; with ¢; and by in k

i<j

is a homogeneous quadratic polynomial, then upon letting

hX,Y) =) eXiYi+ > by XiY;
i i<j
and
hH(X,Y) =) 26, XY + > bi(XiY; + X;Y5)
i i<j
we always have “bilinear generation”
h(X) = h(X, X)
and for odd characteristic we have “symmetric generation”
h(X) = (1/2)h*(X, X).

Note that h* is symmetric and is independent of the choice of basis whereas h need
not be symmetric and is (highly) basis dependent.

By the isometry group of ¢ € Qua(V') we mean the subgroup of GL(V') consisting
of all 7 € GL(V) such that ¢(7(v)) = ¢(v) for all v € V. Note that the bilinear
form b(u,v) = c(u + v) — c(u) — c(v) associated with ¢ € Qua(V) is obviously
symmetric. We define the kernel of a symmetric bilinear form b on V' to be the
subspace kerb = {u € V : b(u,v) = forallv € V} of V. For any ¢ € Qua(V),
upon letting b be the symmetric bilinear form on V associated with ¢, we define the
kernel of ¢ to be the subspace ker ¢ = {u € ker b : ¢(u) = 0} of ker b; the quadratic
form c is said to be degenerate or singular according to whether ker b # 0 or
ker ¢ # 0.

In older literature, homogeneous linear polynomials (resp., homogeneous bilinear
polynomials, homogeneous quadratic polynomials) in k[X] (resp., in k[ X, X'], k[ X])
were called linear forms (resp., bilinear forms, quadratic forms); following current
convention, their basis free incarnations, i.e., members of Lin(V') (resp., Bil(V),
Qua(V)) may be called linear forms (resp., bilinear forms, quadratic forms) on V|
and the polynomials themselves may be called linear multiforms (resp., bilinear
multiforms, quadratic multiforms).

3. HERMITIAN FORMS

Given an automorphism o of k, let k' be the fixed field of o. For any function
a:V — klet oo : V — k be the function such that (ca)(v) = o(a(v)) for all
v € V, and for any polynomial & in one or more variables with coefficients in k&
let oh be the polynomial in the same variable or variables obtained by applying o
to the coefficients of h. Let Sem(V) be the k-vector-space of all semilinear (with
respect to o) functions « : V — k, i.e., additive functions « : V' — k such that for
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all A € k and v € V' we have a(Mv) = o(A\)(v); members of Sem (V') may be called
semilinear forms on V. Note that then

a - ha(X) =ho(X1,..., Xa) = > ale)X;

gives an isomorphism of Sem (V') onto the k-vector-space of all linear multiforms in
k[X], where h,, is characterized by the condition

a(z zie;) = ho(o(z)) for all z = (z1,...,24) € k%

Let Ses(V') be the k-vector-space of all sesquilinear functions b: V x V — k, i.e.,
functions which are linear in the first variable and semilinear in the second variable;
members of Ses(V') may be called sesquilinear forms on V. Note that then

b hy(X, X') = hy(X1, ..., Xa, X1, X)) =D blei, e;) XX

gives an isomorphism of Ses(V') onto the k-vector-space of all bilinear multiforms
in k[X, X'], where h;, is characterized by the condition

b(Z zie;, Zx;ej) = hy(z,2")
for all x = (21,...,24) and 2’ = (2,...,2) in k%

Henceforth, assume that ¢ is of order two. Note that then « — ca gives a
k’-linear isomorphism of Lin(V') onto Sem(V) as well as a k’-linear isomorphism
of Sem(V') onto Lin(V). Also note that, for any o € Lin(V) U Sem(V) we have
hsoa = ohe. Finally, as in the previous section, we get sesquiproduct generation
saying that, as a k-vector-space, Ses(V) is k-generated by sesquiproduct elements
a(oB) with a,8 in Lin(V). Let Her(V) be the k’-vector-space of all hermitian
functions b : V x V — k, i.e., left-linear biadditive functions which are hermitian-
symmetric with respect to o, where hermitian-symmetry means that for all u,v in
V we have b(v,u) = o(b(u,v)); members of Her(V') may be called hermitian forms
on V. Note that Her(V) is a k’-subspace of Ses(V'), and b — h; gives a k’-linear
isomorphism of Her(V') onto the k’-vector-space of all hermitian multiforms over k,
i.e., polynomials

h(X,X') = b;X;X; whereb;; €k with bj; = o(b;).

For hermitian functions b € Her(V) we have “diagonal determination,” i.e.,
b(u,v) is determined by its diagonal values b(v,v); to see this, it suffices to show
b(v,v) = 0 = b(u,v) = 0; so assuming b(v,v) = 0, for all u,v in V and X in k we
have

0="0b(u+ v, u+ M) = b(u,u) + b(u, Av) + b(Av, u)
+b(v,v) = o(A\)b(u,v) + Ao (b(u,v))
and taking A =1 we get
o(b(u,v)) = =b(u,v)
and hence for any A € k,
(a(A) = Nb(u,v) =0

and now taking A € k\ k' we conclude that b(u,v) = 0. Actually this only settles
the uniqueness part of “diagonal determination.” In Note (3.1), we shall discuss
the existence part for finite fields.



GALOIS GROUPS OF SOME VECTORIAL POLYNOMIALS 2947

In the rest of this section assume that k& = GF(g) where ¢ is a square. Then
upon letting ¢’ = ¢'/2 we have k' = GF(¢’), and for all A € k we have o(\) = AY.
Also, let k* =k \ {0}.

Note (3.1). Given any hermitian form b on V, let ¢(u) = b(u,u) for all w € V. Now
b is a bilinear form on V considered as a vector space over k' and so ¢ is a quadratic
form on V considered over k’. Moreover,

(%) c(u) = b(Au, Au) = AT T1b(u, u) = A e(u)

for all A € k and u € V. This is precisely the condition for a quadratic form over
k' to arise from a hermitian form over k. Indeed, if ¢ is a quadratic form over V
considered over k' such that for all A € k and u € V we have c(\u) = A Tle(u),
then b defined by

(%) Z a elar +y)

ackX
is a hermitian form on V' with b(u,u) = c(u).

Namely, (*) can be proved by frequent use of the following simple fact about
finite fields:

(55 %) Z o = {—1 if ¢ — 1-d1V1des 1,

otherwise.
ackX

To prove (x * *) note that the elements of k* are the roots of Y?~! — 1. Since the
coefficient of Y? is 0 for 1 < i < ¢ — 2, it follows that the elementary symmetric
polynomials of degrees 1 to g — 2 are all zero and therefore the power sums of
degrees 1 to ¢ — 2 are all zero. The result for ¢ = 0 is clear since ¢ — 1 = —1 in k.
The general result follows since a9~! =1 for all o € k*.

To prove the second half of (3.1), let b be defined by (xx). Let b'(z,y) =
c(x + y) — c(x) — ¢(y) be the symmetric bilinear form associated with ¢. Then
for x,y € V we have

Z a elar+y) = Z [ate(az) + a W (ax,y) + a te(y)]

agkx agkx
=- Z [aq )+ o M (az,y) + a7t )] =- Z a1 (az, y).
ack” a€kX

It follows that b is bilinear over k’. Now for 8 € k* and z,y € V we have
b(Br.y) == Y o lelafr+y) =~ )Y (o) elafr +y) = Bb(x.y)
ackX a€kx
and so b is linear (over k) in the first variable. Next, for any x,y € V we have

bya)=— 3 alew+ay) == 3 acla a+y)

ack” ackX

== 3" () e(Ba +y) = bla, )"
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so that b is hermitian-symmetric and hence semilinear in the second variable. Fi-
nally, for any = € V we have

b(xz,x) = — Z ate((a+1)z) = — Z (@ +a? 414+ a YHe(z) = c(x).
a€k® a€k®

This completes the proof of (3.1).
Next we note that

@ ho(X) = ha(X1,...,Xa) = > ale) X!

gives an isomorphism of Sem(V') onto the k-vector-space of all protosemilinear
multiforms in k[X], where h, is characterized by the condition

a(z zie)) = ho(x) forall x = (21,...,24) in k%
and where by a protosemilinear multiform we mean a polynomial
WX)=>" ;X! witha; € k.
Also
b hy(X, Z) = (X1, ..., Xa, Z1, ... Za) = 3 bles, ) X Z2

gives an isomorphism of Ses(V') onto the k-vector-space of all protosesquilinear
multiforms in k[X, Z], where h; is characterized by the condition

b wiei, Y zje;) = Tz, 2)
for all = (x1,...,24) and z = (z1,...,2q) in k%
and where by a protosesquilinear multiform we mean a polynomial

WX, Z) =Y byX:Z!  with by € k.

Moreover, b — he gives a k’-linear isomorphism of Her(V') onto the k’-vector-space
of all protohermitian multiforms in k[X], i.e., polynomials

h(Xv Z) = Zb”XZZ]q' with bz] e k and bji — bgj’

By the isometry group of b € Her(V') we mean the subgroup of GL(V') consisting
of all 7 € GL(V) such that b(7(u),7(v)) = b(u,v) for all u,v in V. Moreover,
b € Her(V) is degenerate means for some 0 # w € V we have b(u,v) = 0 for all
veV.

4. QUADRATIC POLYNOMIALS

Now assume that £ = GF(q) where ¢ need not be a square, and note that then
k C k, C K C K. Also assume that fy(Y) € K[Y], and d > 0. Henceforth, we
may use (1.1) to (1.3) tacitly, and we may use g-linear polynomial as a synonym
for vectorial g-polynomial.

Given any 0 # « € Lin(V), upon letting U = ker o we see that U is (d — 1)-
dimensional, and hence by linearity a(w)/ fy(w) is independent of w € V' \ U, and
so we may define go(Y) = [a(w)/fu(w)]fu(Y); in the case of @ = 0 let us put
9o (Y) = 0. Now clearly

a(v) = ga(v) forallveV
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and g, can be characterized as the unique g-linear polynomial in K[Y] of ¢-degree
< d — 1 satisfying the above displayed equation. Note that o +— g, gives a k-linear
injection Lin(V) — K[Y] and it maps Lin(V) \ {0} onto the set of all g-linear
separable polynomials ¢(Y) in K(V)[Y] of ¢-degree d — 1 such that g(V') C k, i.e.,
such that g(v) € k for allv € V.

In view of product generation, it follows that, given any b € Bil(V'), there exists
a unique g,(Y, Z) € K[Y, Z] which is g-bilinear of ¢g-bidegree < (d — 1,d — 1) such
that

b(u,v) = gp(u,v) for all u,v in V
where by g¢-bilinear we mean g, is of the form
(Y, 2) = ;Y727 withb; € K

and by ¢-bidegree < (d—1,d—1) we mean that b;; = 0if ¢ > d or j > d. Note that
b — gp gives a k-linear injection Bil(V) — K[Y, Z] and it maps Bil(V') onto the set
of all g-bilinear polynomials ¢(Y, Z) in K(V)[Y, Z] of g-bidegree < (d — 1,d — 1)
such that g(V, V) C k, i.e., such that g(u,v) € k for all w,v in V.

Now in view of bilinear generation we see that, given any quadratic function ¢ on
V, there exists a unique g.(Y) € K[Y] which is g-quadratic of g-quadegree < d — 1
such that

c(v) =ge(v) forallveV
where by g-quadratic we mean g, is of the form
3.(Y) = YO+ with ¢y € K
and by g-quadegree < d — 1 we mean that ¢;; =0if i > d or j > d.

Note (4.1). Note that the uniqueness of g. follows by observing that if g(Y) is
any g-quadratic polynomial in K[Y] of g-quadegree < d — 1, then the Y-degree
of g(Y) is < ¢ and the coefficient of Y in g(Y) is zero and hence g(Y) = 0 &
IY)/fv(Y) € K[Y] & g(V) =0, ie., & g(v) = 0 for all v € V. Also note that
¢ — ge gives a k-linear injection Qua(V) — K[Y] and it maps Qua(V) onto the
set of all g-quadratic polynomials g(Y) in K(V)[Y] of g-quadegree < d — 1 such
that g(V) C k, i.e., such that g(v) € k for all v € V. Moreover, note that if g(Y")
is any ¢-quadratic polynomial in K(V)[Y] of g-quadegree < d — 1 with g(V') C k,
then g(Y) € K[Y] & g(r(v)) = g(v) for all v € V and 7 € Gal(fy, K); this
follows by observing that g(v) = 7(g(v)) = 7(9)(7(v)) where 7(g) is obtained by
applying 7 to the coefficients of . Finally, note that for any §(Y) € K[Y] we have
G(V) C ke [J1Y) — g/ f (V) € K[Y).

5. HERMITIAN POLYNOMIALS

Let the situation be as in the previous section, and assume that ¢ is a square.
Let ¢ = ¢'/2, and let o be the order-two automorphism of k given by o(A) = pYs
for all A € k. Note that now the fixed field of o is ¥’ = GF(¢’). From (3.1) and
Section 4, we see that given any b € Her(V), there exists a unique g,(Y) € K[Y]
which is ¢’-quadratic of ¢’-quadegree < 2d — 1 such that

b(v,v) =gp(v) forallveV.
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Since g,(Y) is ¢’-quadratic of ¢’-quadegree < 2d — 1, we can write

(V) = Z aiqu”rq] + Z binquq/qJ + Z Ciqu'q”rq'q]

= A(Y) + B(Y) +C(Y)

where A(Y), B(Y), C(Y) in K[Y] have the exhibited expressions, and a;; = b;; =
¢ij = 0 whenever ¢ > d or j > d. We claim that A(Y) = C(Y) = 0. To establish
the claim, by (3.1) we have g,(Au) = A\ T1G,(u) for all w € V and X € k, and hence

0= A7 Hg,(v) = G (M)
= A" A(v) + A TIB(w) + AT CO(v) — A2A(v) — A TIB(v) — A2 C(v)
=TT S DA2AW) = AT - 1) C(v)

for all v € V and X € k. Therefore A(v) = A9 ~1C(v) for all v € V and X € k\ k.
As X varies over k\ K/, A9~ takes ¢ different values and hence we see that A(v) =
C(v) =0 for all v € V. Now, since the Y-degrees of A(Y) and C(Y") are less than
q?, we conclude that A(Y) = C(Y) = 0. This establishes the claim.

It follows that g; is g-hermitian of g-herdegree < d — 1 where by g-hermitian we
mean gy is of the form

() =3 by YT yith b € K
and by g-herdegree < d — 1 we mean that b;; = 0 if either ¢ > d or j > d.

Note (5.1). Note that, in view of diagonal determination, the uniqueness of g, also
follows by observing that if §(Y) is any g-hermitian polynomial in K[Y] of ¢-
herdegree < d — 1, then the Y degree of §(Y) is < ¢? and hence g(Y) = 0 <
aY)/fv(Y) € K[Y] & g(V) =0, ie., & g(v) = 0 for all v € V. Also note that
b — gy gives a k’-linear injection Her(V) — K[Y] and it maps Her(V') onto the set
of all g-hermitian polynomials g(Y') in K(V)[Y] of g-herdegree < d — 1 such that
g(V) C K, i.e., such that g(v) € K’ for all v € V. Moreover, note that if g(Y") is any
¢-hermitian polynomial in K (V)[Y] of g-herdegree < d — 1 with g(V) C &/, then
g(Y) € K[Y] & g(t(v)) = g(v) for all v € V and t € Gal(fy, K); this follows by
observing that g(v) = t(g(v)) = (tg)((t(v)) where (tg)(Y) € K(V)[Y] is obtained
by applying ¢ to the coefficients of (V). Finally, note that for any g(Y) € K|[Y]
we have: (V) C k' 37 (V) — §(V))/ fv (V) € KIY].

6. FORMS AND FACTORIZATIONS

We shall now apply (4.1) to find quadratic forms associated with the three vec-
torial polynomials Eff, E°, E*. So let

k=GF(q) Cky Cky(X)=KCK

and
ATY)=Y""" -y and IT(YV)=Y"" ',
AY)=Y"""+Y and I°(Y)=Y7 —y? |
AYY) =Y oy Ty vy and YY) =Y
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Also let
CTT(y) — X—lATT(y)q+1 +JTT(y)q,
Co(Y)=X"1A° (V)7 + J°(Y)q,
CHY)=XtAT (V)1 + JH(Y)e
where

JTT(y): Z qu_H"'Jrq"”

0<i<m—2
m—1+i_ i mti i
JO(Y) — E Y4 +q° _ E Y4? +q ,
0<i<m—1 0<i<m—2
J+(Y) _ Z Yq7n—l+1‘,+qi _ Z qu,—2+i+qi.
0<i<m—2 1<i<m—2

Note that each term in the above summations evaluated at any w € k equals w?,
and the total number of terms in the two summations involved in J° is the odd
integer 2m — 1, and hence (1*) if ¢ is even, then J°(w) = w? for all w € k.

Now we have the following Quadratic Form Theorem.

Quadratic Form Theorem (6.1). Let us put

(E,A,I,J, C) — (ETT,ATT,ITT”]TT’C'TT)
or (E°,A°,I°,J°,C°) or (E*, AT, It JV,CT) withd=2m >6 ord=2m+1>7
or d = 2m > 8 respectively. Then clearly A(Y) € k[Y] is separable monic q-linear
of q-degree d — 2 such that if d is odd, then A(Y) = v 4y, IY) = ya“ T
or Y& _yd“™P" qecording to whether d is even or odd, and J(Y) € k[Y]
is q-quadratic of q-quadegree < d — 3 and Y -order (i.e., the highest power of Y

dividing it) ¢™ 1 + 1 such that if d is odd and q is even, then J(w) = w? for all
w € k. Also clearly

(6.1.1) CY)=X"TAY)™H + J(Y)?

with

(6.1.2) AVI(Y) = J(Y)? — J(Y)

and

(6.1.3) EY)=AY)" — XTLA(Y) + X9I(Y)*

and hence C(Y) € K[Y] is g-quadratic of q-quadegree < d — 1 with
(6.1.4) XTAY)EY)=C(Y)I-C(Y).

Therefore by (4.1) we see that v — C(v) gives a k-valued quadratic form ¢ on V[E]
whose isometry group contains Gal(E, K). Moreover, we claim that:

(6.1.5) The quadratic form c is nondegenerate except when d is odd and q is even,
and in that case it is degenerate but nonsingular. More precisely, for the kernel W
of the symmetric bilinear form b associated with ¢ we have that if d is even or q is
odd, then W = 0, whereas if d is odd and q is even, then W =k and c(w) = w? for
allw € k.
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To establish the above claim let B(Y,Z) = C(Y + Z) — C(Y) — C(Z). Then
B(Y,Z) € K[Y, Z] is g-bilinear of g-bidegree < (d — 1,d — 1), and for all u,v in
V we have B(u,v) = c(u + v) — c(u) — ¢(v) = b(u,v). Given any u € W, we
have B(u,v) = 0 for all v € V and hence E(Z) divides B(u,Z) in K[Z]. But
B(u, Z) has Z-degree at most ¢?~!, whereas the Z-degree of E(Z) is ¢?. Therefore,
B(u,Z) = 0. Now A(Y + Z)9H1 — A(Y)4! — A(Z)1H = A(Y)IA(Z)+ A(Y)A(Z)?
and A(Y") is monic ¢-linear of ¢g-degree d—2; since J(Y") is g-quadratic of g-quadegree
< d — 3, we sce that there is no term Z¢' ' in JY +2)1 - JY) - J(Z) or
A(Y)IA(Z); since C(Y) = X TA(Y)?+! + J(Y)4, we conclude that the coefficient
of 21" in B(u,Z) is X 7A(u) and hence A(u) = 0. Therefore, since E(Y) =
AT — X9LA(Y) + XU (Y)? and E(u) = 0, we get I(u) = 0. Hence by the
condition on I we see that if d is even, then u = 0. Thus if d is even, then ¢ is
nondegerate. So assume that d is odd. Then I(Y) = (Y2 — Y)(I(LF?’V2 and hence
u? = v and therefore u € k. Also, 0 = A(u) = w4 u = u+ u and thus if ¢
is odd, then uw = 0, and hence again ¢ is nondegenerate. So also assume that ¢
is even. Then, since dimg (V) is odd and (u,v) — B(u,v) is alternating, we must
have dimy (W) > 0. Therefore, W = k and dimy (W) = 1. Moreover, for all w € k
we have C(w) = X 1 A(w)4™ + J(w)? with A(w) = 0 and J(w) = w?, and hence
c(w) = w?.

We shall now prove the following Factorization Theorem where, as notation,
for any nonzero P(Y) and Q(Y) in K[Y], by GCD(P(Y),Q(Y)) we denote the
monic generator of the ideal generated by P(Y) and Q(Y) in K[Y]; note that this
is independent of the field K as long as it contains the coefficients of P(Y") and
Q(Y); also note that a monic polynomial is a nonzero polynomial in which the
highest degree coefficient is 1. As a preparation for the said theorem, we note that
I°(Y) = (Y72 —Y)?" ", and by peeling off the initial term in the first summation
involved in J° and then suitably pairing the remaining terms in the two summations
we get

JO(Y) _ Yq2m72+qm71 + Z (qu71+i+qi o qu+i+qi)

0<i<m—2
—y" T e Z Yq"(yq_y)q""’”i
0<i<m—2
and hence: (2%) I°(Y) = (Y7 — V)" and Jo(Y) = Yo" T

m—0

Y(Y?—Y)" " —Yiye— V)" J(Y) where J (Y) € k[Y] with J°(0) = 1. By
(2%) we get: (3%) GCD(I°(Y),J°(Y)) = Y4" . Note that k* is the set of all
nonzero elements of k, and k*? is the set of all squares in k*; also note that
if ¢ is even, then every w € k has a unique square root in k which we denote
by v/w. Now by expanding the first two terms of J°(Y) in (2*) around a value
in k£ and noting that the remaining terms are divisible by very high powers of
(Y9 —Y), we see that: (4*) for any w € k* \ k*?2 (i.e., for any nonzero nonsquare
w in k) we have GCD(I°(Y), J°(Y) — w) = 1; and (5%) if ¢ is odd, then for any
z € k* we have GCD(I°(Y), J°(Y) — 22) = (Y2 — 22)4"" and the (Y + z)-order
of J°(Y) — 2% is ¢! and: (6*) if ¢ is even, then for any w € kX we have
GCD(I°(Y), J°(Y) —w) = (Y — yw)?" " and the (Y — \/w)-order of J°(Y) — w is
qul + 1.
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We can alternatively deduce the above by noting that I°(Y) = (Y4 — Y)9" !
2m—1

and A°(Y) = (Y —Y)+2Y so that GCD(A°(Y),I°(Y)) is Y?—Y if ¢ is even
and is Y if ¢ is odd. Therefore, for z € k, the (Y — z)-order of J°(Y)? — J°(Y) =
A(YV)I°(Y)is Y9 4+ 1if gis even or z =0, and is Y if ¢ is odd and z # 0.

Factorization Theorem (6.2). In the situation of (6.1), for every w € k let
Eu(Y) = 11 (Y — ).
veV[E] with C(v)=w

Then E(Y) = [Lyer Bw(Y) and the E,,(Y') are pairwise coprime monic polynomials

in'Y over K such that, for every w € k,

E,(Y) € K[Y] is monic of Y -degree > 1

and the splitting field of E,,(y) over K coincides

with the splitting field K(V[E]) of E(Y') over K.
Then

E,(Y)=GCOD(E(Y),XCY) - wX)
and, noting that A(Y)9tt € k[Y] is monic of Y -degree (q +1)q?~2 which is greater
than the Y -degree of 0 # (J(Y) — w)9 € k[Y], and letting
Pp(Y) = AY)™ /Ry (Y)  and  Qu(Y) = (J(Y) - w)?/Ryu(Y)
where
Ry(Y) = GOD(A(Y)IT (J(Y) —w)?) € k[Y] is monic of Y -degree A,

we have

where
P,(Y) 4+ XQu(Y) € K[Y] is monic of Y -degree (q + 1)¢?=% — A,
and P, (Y) € k[Y] is monic of Y -degree (g + 1)q%=2 — A,
and 0 # Qu(Y) € k[Y] is of Y-degree < (q+1)g? "2 — A,,.

Then

Py,(Y)+ XQu(Y) is irreducible in K[Y]
and finally, we have

Y(Py(Y)+ XQu(Y)) if w=0,

P,(Y)+ XQu(Y) if w#0 and d is even,

P,(Y)+ XQu(Y) if w#0 and q is odd,

(Y — Vw)(Py(Y) + XQw(Y)) if d is odd and q is even.
Moreover, upon letting D,, be the Y-degree of E(Y'), we have the following:

If d = 2m is even, then Dy = 1+ (¢™ — 1)(¢™~ ' + 1) with Qo(Y) = Y"1,
and for all w € k* we have Dy, = ¢ (g™ — 1) with Q,(Y) = 1 = 1 + P,(0)
and if q is odd, then P,(Y) = P,(Y?2) with P,(Y) € k[Y]; whereas, if m is even
and we are in the two-dagger case, then Py(Y) = Py (Y9t with P,(Y) € k[Y].
Likewise if d = 2m + 1 is odd, then Dy = ¢*™ with Qo(Y) = Y9" 1. Similarly, if
d=2m+1 is odd and q is odd, then for all w € k*? we have D,, = ¢™(¢™ + 1)

K, (Y) =
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with Qu(Y) = (Y2 —w)?", and for all w € k* \ k*? we have Dy, = ¢"(¢™ — 1)
with Qu(Y) =1 =1+ P,(0) and P,(Y) = P,(Y?) with P,(Y) € k[Y]. Finally,
if d is odd and q is even, then for all w € k* we have Dy = ¢®™ and Q,(Y) =
(¥ = )1,
To prove this, for every w € k let
(6.2.1) Eu(Y) = 11 (Y — ).
veV[E] with C(v)=w

Then obviously

(6.2.2) E(Y)= ][] Eu(Y)
wek
and
(6.2.3) the F,(Y) are pairwise coprime monic polynomials in Y over K.

In view of the well-known fact that, in dimension greater than 2, the orthogonal
group acts faithfully on each of its orbits on nonzero vectors, we see that, for every
w €k,

E,(Y) € K[Y] is monic of Y-degree > 1
(6.2.4) and the splitting field of E,,(Y) over K coincides

with the splitting field K(V[E]) of E(Y) over K.
By the Remainder Theorem of High School Algebra (which says that for any F(Y)
in K[Y] and z,y, z in K with x # 0 we have Y —y divides ¢ F'(Y) —zz < F(y) = 2)
we see that
(6.2.5) E,(Y)=GCD(E®Y),XCY) —wX).
For every w € k, since w? = w, by (6.1.1) we also see that

XCY)—wX = AY)T + (J(Y) —w)1X

where A(Y') € k[Y] is separable monic ¢-linear of ¢g-degree d — 2 and J(Y) € k[Y]
is g-quadratic of g-quadegree < d — 3 and Y-order ¢" ! + 1, and hence A(Y)?+!
k[Y] is monic of Y-degree (¢ + 1)¢?~2 which is greater than the Y-degree of 0 #
(J(Y) —w)? € k[Y], and therefore upon letting

(6.2.6)  Pu(Y)=ANY)"/R,(Y) and Qu(Y)= (J(Y)—w)!/Ry(Y)
where
(6.2.7) R,(Y)=GCD(A(Y)? (J(Y) —w)?) € k[Y] is monic of Y-degree A,,
we have
(6.2.8) XCY)—wX =Ry(Y)(Pu(Y) + XQu(Y))
where

Pu(Y) + XQ,(Y) € K[Y] is monic of Y-degree (g + 1)g?2 — A,
(6.2.9) ¢ and P,(Y) € k[Y] is monic of Y-degree (¢ + 1)g?=2 — A,

and 0 # Q,(Y) € k[Y] is of Y-degree < (¢+ 1)¢%72 — Ay,
and by the Gauss Lemma we see that

(6.2.10) P,(Y)+ XQ.,(Y) is irreducible in K[Y].
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Henceforth, let D,, be the Y-degree of E(Y).
For a moment assume that d = 2m is even and w = 0. Then I(Y) = Y?

and the Y-order of J(Y) is ¢™! + 1, and hence GCD(I(Y),J(Y)) = vt
Therefore, since the Y-order of A(Y)?*! is ¢ + 1, by (6.1.2) and (6.2.7) we get
R,(Y) = J(Y)?/Y?" =1 Clearly, the Y-degree of J(Y)? is ¢>™ 2 + ¢!, and
hence A, = ¢*"2 —¢™ +¢" ' + 1. For any 0 # z € k with R,(z) = 0 we have
I(z) # 0 and hence by (6.1.3) we see that Y — z does not divide E(Y). Also, the
Y-order of E(Y) is 1. Therefore, GCD(E(Y), R, (Y)) =Y and hence by (6.2.1) to
(6.2.10) we get B, (Y) =Y (Py(Y) + XQu(Y)) with Dy = 1+ (¢™ —1)(¢™ 1 + 1)
and Q,(Y) =Y "~ Thus,

m—1

if d =2m is even and w = 0, then
R,(Y)=J(Y)/ YT "1 with Ay, = ¢*" 2 — g™ +¢" 1 +1
and E,(Y) =Y (P,(Y)+ XQ.,(Y))

with Dy = 14 (¢™ = 1)(¢™ " +1) and Qu(Y) = Y"1,

(6.2.11)

m—1

Next for a moment assume that d = 2m is even and w # 0. Then I(Y) = Y?
and J(0) = 0, and hence GCD(I(Y), J(Y) — w) = 1. Therefore, by (6.1.2) and
(6.2.7) we get R, (Y) = (J(Y) — w)?. Clearly, the Y-degree of (J(Y) — w)? is
¢®™2 + g™ ! and hence A, = ¢*" "2 4 ¢™ 1. For any z € k with R, (2) = 0 we
have z # 0 and hence I(z) # 0 and therefore by (6.1.3) we see that ¥ — z does
not divide E(Y). Consequently, GCD(E(Y), R,(Y)) = 1 and hence by (6.2.1)
to (6.2.10) we get E,(Y) = Pu(Y) + XQu(Y). with D, = ¢™ 1 (¢™ — 1) and
Qu(Y) =1=1+ P,(0). Upon letting A(Y) = A(Y)/Y we have A(Y) € k[Y]
with A(Y) = YA(Y), and upon letting P, (Y) = A(Y)9"/(J(Y) — w)? we have
P, (Y) € k[Y] with P,(Y) = Y9t P,(Y). If q is odd, then A(Y) and J(Y) — w
belong to k[Y2] and hence so does P, (Y) and therefore P, (Y) = P,(Y?2) with
P,(Y) € k[Y]. Likewise, if m is even and we are in the two-dagger case, then

A(Y) and J(Y) — w belong to k[Y?*!] and hence so does P, (Y) and therefore
P,(Y) = P, (Y1) with P, (Y) € k[Y]. Thus,

if d =2m is even and w # 0, then

R,(Y) = (J(Y) —w)? with A, = ¢>"~2 4 ¢g™~?

and E,(Y) = P,(Y)+ XQu(Y)

(6.2.12) with Dy = ¢™ (g™ — 1) and Q,(Y) = 1 =1+ P,(0),
and if ¢ is odd, then P, (Y) = P, (Y?) with P, (Y) € k[Y],
whereas if m is even and we are in the two-dagger case,
then P, (Y) = P, (Y9t!) with P, (Y) € k[Y].

Now for a moment assume that d = 2m + 1 is odd and w = 0. Then in view
of (3*) we see that GCD(I(Y),J(Y)) = Y™ ™' Therefore, since the Y-order of
A(Y)7 1 is ¢ + 1 and the Y-order of J(Y)? is ¢"™ + ¢, by (6.1.2) and (6.2.7) we get
Ry (Y) = J(Y)?/Y49" 1. Clearly, the Y-degree of J(Y ) is ¢*™~! 4 ¢™, and hence
Ay = ¢*™ 1 +1. Again in view of (3*), for any 0 # 2z € k with R, (2) = 0 we have
I(z) # 0 and hence by (6.1.3) we see that Y — z does not divide E(Y). Also, the
Y-order of E(Y) is 1. Therefore, GCD(E(Y), R,,(Y)) =Y and hence by (6.2.1) to
(6.2.10) we get Ey(Y) = Y(Py(Y) + XQu(Y)) with D, = ¢*™ and Q,, = Y"1,
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Thus

if d=2m+11is odd and w = 0, then
R,(Y)=J(Y)1/Y9" ~! with A, = ¢ 1 +1
and E,(Y) = Y(Py(Y) + XQu(Y))

with D, = ¢?™ and Q,, = Y9 1.

(6.2.13)

Next, for a moment assume that d = 2m + 1 is odd and ¢ is odd with w € k*2.
Then by (5%) we see that GCD(I(Y), J(Y) —w) = (Y2 —w)?" . Therefore, by
(6.1.2) and (6.2.7) we get Ry, (Y) = (J(Y)—w)?/(Y2 —w)?". Clearly, the Y-degree
of (J(Y) —w)? is ¢! + ¢™, and hence A, = ¢*" ! —¢™. For any z € k
with Ry, (z) = 0, by (5%) we have I(z) # 0, and therefore by (6.1.3) we see that
Y — z does not divide E(Y). Consequently, GCD(E(Y), R,,(Y)) = 1 and hence by
(6.2.1) to (6.2.10) we get Ey(Y) = Py(Y) + XQu(Y) with Dy = ¢™(¢™ + 1) and
Qu(Y) = (Y? —w)?". Thus,

if d =2m+11is odd and ¢ is odd with w € k%2, then
FulF) = (00 = )2 =™ with &, = =g
and By (Y) = Pu(Y) + XQu(Y)

with Dy, = ¢™ (g™ + 1) and Q,,(Y) = (Y2 —w)?".

(6.2.14)

Now for a moment assume that d = 2m+1 is odd and ¢ is odd with w € k> \ k*2.
Then by (4*) we see that GCD(I(Y), J(Y) — w) = 1. Therefore, by (6.1.2) and
(6.2.7) we get R, (Y) = (J(Y) — w)?. Clearly, the Y-degree of (J(Y) — w)? is
¢®™ 14 ¢™, and hence A,, = ¢*" ' 4¢™. For any z € k with R, (z) = 0, obviously
we have I(z) # 0, and therefore by (6.1.3) we see that Y — z does not divide E(Y).
Consequently, GCD(E(Y), R, (Y)) = 1 and hence by (6.2.1) to (6.2.10) we get
E,(Y)=Py(Y)+ XQu) with D, = ¢™(¢"™ — 1) and Q,(Y) =1 =1+ P,(0).
Upon letting A(Y) = A(Y)/Y we have A(Y) € k[Y] with A(Y) = YA(Y), and

upon letting P,,(Y) = A(Y)? /(J(Y) —w)? we have P, (Y) € k[Y] with P, (Y) =
YatiP,(Y). Now A(Y ) and J(Y) — w belong to k[Y?] and hence so does P, (Y)
and therefore P, (Y) = P, (Y?) with P, (Y) € k[Y]. Thus,
if d =2m + 1 is odd and ¢ is odd with w € k* \ kX2, then
R,(Y)= (J(Y) —w)9 with A, = " ! + g™
(6.2.15) and E,(Y) = P,(Y) + XQu(Y)
with D, = qm(qm —1) and Qw(Y) 1=1+ P,(0)
and P, (Y) = P, (Y?2) with P,(Y) € k[Y].
Finally, for a moment assume that d = 2m + 1 is odd and ¢ is even with

w € k*. Then w has a unique square root in k%, and hence by (6%) we see
that GCD(I(Y), J(Y) —w) = (Y — \/_) """, Therefore, by (6.1.2) and (6.2.7) we
getR V) = (J(Y)—w) /(Y — Jw)d" L. Clearly, the Y-degree of (J(Y ) w)? is
Im=14 g™ and hence A,, = ¢*™ 1 +1. By (6*) we see that GCD(I(Y), R ( ) =
(Y Vw)?* and therefore by (6.1.3) we see that GCD(E(Y), Ry, (Y)) = (Y — yw)
and hence by (6.2.1) to (6.2.10) we get Fy,(Y) = (Y — yw)(Pyw(Y) + XQw(Y))
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with Dy, = ¢ and Q,(Y) = (Y — y/w)?" ~'. Thus,

if d=2m+1 is odd and ¢ is even with w € k*, then
Ry(Y) = (J(Y) —w)?/(Y — yw)?" ~! with A, = ¢*™ 1 +1
and B, (V) = (Y = /o) (Pu(Y) + XQu(Y)

with Dy, = ¢*™ and Q,,(Y) = (Y — yw)? —L.

(6.2.16)

This completes the proof of (6.2).

7. GALOIS GROUPS
Again let
k=GF(¢g)ck,CKCK

where in a moment we shall assume that K = k,(X). We shall now calculate
the Galois groups of the vectorial polynomials E*, Eff, E°. E+. To do this our
polynomial manipulation material will be Theorems (6.1) and (6.2) of Section 6,
and our group theory tools will be Liebeck’s Theorem on orbit sizes of classical
groups [Li2] and the Guralnick-Saxl Theorem on Strong Genus Zero Polynomials
[GSa]. We shall also use Hering’s Theorem as given by Liebeck in the Appendix
of [LiI], and the criterion for the Galois group of a vectorial polynomial to be
contained in SL or € given in [In1].

To review the definitions of orthogonal and unitary groups, let V' be a vector
space over k of finite dimension d > 0. Recall that GL(V) «T'L(V') = the group of
all semilinear transformations of V', and the center of GL(V') is the group HL(V)
of all homotheties (scalar transformations) of V. Let Oy : I'L(V) — PTL(V) be
the canonical epimorphism with PT'L(V) = T'L(V)/HL(V), and let PGL(V) and
PSL(V) be the respective images of GL(V) and SL(V) under Oy.

Given a nonsingular quadratic form ¢ on V, by O(V,¢) we denote the isom-
etry group of ¢, and we put SO(V,¢) = O(V,c¢) N SL(V). Recall that if ¢ is
nondegenerate, then Q(V,c) is a subgroup of index 2 in SO(V,¢), that it is the
kernel of the spinor norm if ¢ is odd, and it is the kernel of the Dickson in-
variant if ¢ is even; note also that Q(V,c¢) is the commutator subgroup O'(V,¢)
of O(V,¢) except when (d,q) = (4,2) and the Witt index of ¢ is 2; finally note
that if ¢ is degenerate, then Q(V,c¢) = O(V,¢). (cf. [KLi|, [Tay]). Moreover,
we put I'O(V,¢) = the subgroup of I'L(V') consisting of those g € T'L(V) for
which there exists A € k* and o € Aut(k) such that c(g(v)) = Aa(c(v)) for
all v € V, and we put GO(V,¢) = the subgroup of GL(V) consisting of those
g € GL(V) for which there exists A € k* such that ¢(g(v)) = Ac(v) for all v € V,
and we note that then GO(V,¢) = GL(V) N T'O(V, ¢); members of GO(V,¢) are
called c-similitudes, and members of T'O(V,¢) are called c-semisimilitudes; also
we let PQ(V,c) < PSO(V,¢) < PO(V,¢) < PGO(V,¢) < PI'O(V,¢) be the re-
spective images of Q(V,¢) < SO(V,¢) < O(V,¢) < GO(V,¢) < TO(V,¢) un-
der ©y. Recall that the Witt index witt(c) of ¢ is the maximum dimension of
a c-singular subspace of V, i.e., a subspace V of V such that c(v) = 0 for all
v € V; note that if d is odd, then witt(c) = (d/2) — (1/2), and if d is even, then
witt(c) = d/2 or (d/2) — 1. For odd d, up to isomorphism, O(V,¢) is indepen-
dent of ¢, and we denote Q(V,c) < SO(V,¢) < O(V,¢) < GO(V,¢) < TO(V,¢)

<
by Q(d,q) < SO(d,q) < O(d,q) < GO(d,q) < T'O(d, q) respectively. For even d,
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there are two isomorphism classes of O(V, ¢) depending on whether witt(c) = d/2 or
(d/2) — 1, and then we denote Q(V, ) < SO(V,¢) < O(V,¢) < GO(V,¢) <TO(V,¢)
and PQ(V,c) < PSO(V,¢) < PO(V,c) < PGO(V,¢c) < PTO(V,c) by
SO*(d,q) < O"(d,q) < GO*(d,q) < TO"(d,q) and PQ"(d,q) < P
PO™(d,q) < PGO'(d,q) < PTO"(d,q) or Q(d,q) < SO (d,q) <
GO~ (d,q) <TO(d,q) and PQ™(d,q) < PSO~(d,q) <PO~(d,q) <P
PI'O~(d, q) respectively.

Likewise, if ¢ = (¢')? where ¢’ is a power of p, then, given a nondegenerate
hermitian form b on V', by U(V,b) we denote the isometry group of b, and we put
SU(V,b) = U(V,b) N SL(V). Moreover, we put I'U(V,b) = the subgroup of TL(V)
consisting of those g € T'L(V) for which there exists A € k* and a € Aut(k)
such that b(g(u),g(v)) = Aa(b(u,v)) for all u,v in V, and we put GU(V,b) =
the subgroup of GL(V) consisting of those ¢ € GL(V) for which there exists
A € k* such that b(g(u),g(v)) = Ab(u,v) for all u,v in V, and we note that
then GU(V,b) = GL(V) NnT'U(V,b); members of GU(V, b) are called b-similitudes,
and members of TU(V,b) are called b-semisimilitudes. Now GU(V,b) <« TU(V,b)
with TU(V,b)/GU(V,b) = Z, = a cyclic group of order u where p* = ¢, and
hence for every factor § of u there is a unique T'Us(V,b) such that GU(V,b) <
T'Us(V,b) < TU(V,b) and [I'Us(V,b) : GU(V,b)] = §; also we let PSU(V,b) <
PU(V,b) < PGU(V,b) < PT'Us(V,b) < PT'U(V,b) be the respective images of
SU(V,b) < U(V,b) < GU(V,b) < TUs(V,b) < T'U(V,b) under Oy. Again, up to
isomorphism, U(V,b) is independent of b, and we denote SU(V,b) < U(V,b) <
GU(V,b) < TUs(V,b) < I'U(V,b) and PSU(V,b) < PU(V,b) § PGU(V,b) <
PIU(V,b) < PLU(V.B) by SU(d¢) < U(d.¢) < GU(dq)) < TUs(dq) <
I'u(d,q') and PSU(d,q') < PU(d,q') < PGU(d,q) < PI'Us(d,q¢') < PI'U(d,q’)
respectively. B

Given a vector space V over GF(g?) of finite dimension m > 0, in a natu-
ral manner V can be regarded as a d-dimensional vector space V over k with
d = 2m, and we call this V' the cognate of ‘N/, and we note that if we let
® = HL(V /) U{0} = GF(q %), then we have the normalizer and centralizer equa-
tions TL(V) = Nppv)(®) < TL(V) and GL(V) = Capv)(®) < GL(V) and
ILy(V) = Narvy (@) = IL(V) N GL(V ) = GL(V) where FLQ(V/) is the unique
group such that GL(V) < T'Ly(V) < TL(V ) and [FLQ( ) : GL(V)] = 2. Moreover,
given any nondegenerate hermitian form b on V there is a unique nonsingular
quadratic form ¢ on V such that ¢(v) = b(v,v) for all v € V, and we call this
¢ the cognate of b. Conversely, given any vector space V over k of even finite
dimension d = 2m > 0, in several ways we may regard V' as an m-dimensional
vector space V over GF(¢?) and we call such a V an antecognate of V, and we
note that then V is the cognate of V. Also note that now a nonsingular qua-
dratic form ¢ on V' is the cognate of at most one nondegenerate hermitian form
b on V and when such a b exists we call it a V- -antecognate of ¢. For exam-
ple, if E(Y) € K[Y] is a monic separable g-linear polynomial of g-degree d > 0,
then by (1.1) its root space V[E] is a d-dimensional vector space over k and in
a natural manner we have Gal(E, K) < GL(V[E]); moreover, if d = 2m is even
and E is ¢*-linear with GF(¢?) C k,, then by (1.1) V[E] has a natural antecog-
nate, which we denote by ‘A/[E], and now by (1.1) in a natural manner we have
Gal(E, K) < GL(V[E]) < GL(V[E)).
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In his Orbit Size Theorem [Li2], Liebeck discusses subgroups of PGL and the
orbit sizes of their action on the projective space, whereas our Theorem (6.2) pro-
vides information about subgroups of GL and the orbit sizes of their action on
the vector space. Here are the relevant portions of the two versions of the Orbit
Size Theorem, first extracts from Liebeck’s original projective version and then the
vectorial version in the form we need. In converting the projective to the vectorial
version we shall use some material in Section 5 of [Ab4] and Section 5 of [AD6].
Note that cases (a), (b), (c), (d) below are respectively subsumed in cases (a), (b),
(b), (d) of Liebeck’s Theorem in [Li2].

Extracts From Liebeck’s Orbit Size Theorem (7.1). Given any vector space
V over k of finite dimension d > 0, and any G < PU'L(V'), by looking at the sizes of
the orbits of G on the associated projective space P(V') = the set of all 1-spaces in
V, we have (7.1.a) to (7.1.d) where the number of orbits is two or three according
to whether the listed orbit sizes are two or three.

(7.1.a) If d = 2m > 4 is even with ¢ = (¢')? where ¢’ is a power of p, and the
orbit sizes are (¢™ — 1)((¢")*™ 1 +1)/(¢g—1) and (¢')>" (g™ —1)/(¢’ + 1), then
PSU(V,b) <G for some nondegenerate hermitian form b on V.

(7.1.) If d = 2m > 8 is even with m even, and the orbit sizes are

(@" =1 +1)/(g—1) and ¢" (g™ —1)

or

(@™ =" +1)/(g=1) and ¢" (g™ —1)/2

and

¢" g™~ 1)/2

according to whether q is even or odd, then either (i) PQ(V,c) <G for some non-
singular quadratic form ¢ on V' with witt(c) = m, or (ii) @V(U(V,E)) <G for some
nondegenerate hermitian form b on some antecognate 1% of V, or (i1i) d = 8 and G
has a normal subgroup isomorphic to (7,q).

(7.1.c) If d = 2m > 8 is even with m odd, and the orbit sizes are

(@ =D(@" " +1)/(g=1) and ¢" (" 1)

or

(@" =™ ' +1)/(g—=1) and ¢"'(¢"—1)/2

and

q" g™ ~1)/2

according to whether q is even or odd, then PQ(V,c) < G for some nonsingular
quadratic form ¢ on V with witt(c) = m.
(7.1.d) If d =2m + 1 > 7 is odd with q odd, and the orbit sizes are

(@™ =1)/(g—1) and ¢™(¢"+1)/2 and ¢"(¢™ —1)/2,

then either (i) PQ(V,c) <G for some nonsingular quadratic form ¢ on V., or (ii)
d =T and G has a normal subgroup isomorphic to Ga(q) (which is the finite simple
group discovered by Dickson).
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Vectorial Orbit Size Theorem (7.2). Given any monic separable vectorial q-
polynomial E(Y) of q-degree d > 0 in Y over K, and any nonsingular quadratic
form ¢ on V[E] such that Gal(E,K) < O(V[E],c), when

B.v)= I (v

vEV[E] with c¢(v)=w

and D, = the Y-degree of E.,(Y) for every w € k, assume that the polynomials
Y LEy(Y) and E,(Y) for every w € k™ are irreducible in K[Y]. Then we have
(7.2.a)—(7.2.d).

(7.2.a) If d = 2m > 8 is even with m even, and E is q*-linear with GF(q?)
kq, and Gal(E,K) < U(VIE),b) for a V|[E]-antecognate b of ¢, and Dy =
(@™ — 1)(¢™t + 1) with Dy, = ¢ (g™ — 1) for all w € k*, then S’U(‘A/7
Gd(E,K).

(7.2.b) If d = 2m > 8 is even with m even, and Do = 1+ (¢™ —1)(¢™ 1 +1) with
Dy = q™ (g™ — 1) for every w € k*, then either (i) witt(c) =m and Q(V[E],c)<
Gal(E,K), or (i) SUV,b)<Gal(E, K) for some nondegenerate hermitian form b on
some antecognate V of V|E] and, for each w € k*, Gal(E, K) acts imprimitively
on Fy, = {v € V[E] : ¢(v) = w} with blocks of size ¢ + 1, or (i) d = 8 and
Ov(e|(Gal(E, K)) has a normal subgroup isomorphic to Q(7,q).

(7.2.¢) If d = 2m > 6 is even with m odd, and Dy = 1+ (¢™ —1)(¢™ ' + 1) with
Dy = q™ g™ —1) for every w € k*, then witt(c) = m and QV[E), c)<Gadl(E, K).

(7.2.d) If d = 2m + 1 > 7 is odd with q odd, and Dy = 1 + (¢*™ — 1) with
Dy = ¢"(¢™ £ 1) for every w € k* according to whether w € k*? or w & k*2,
then either (i) QV[E],c) < Gal(E, K), or (ii)) d = 7 and Oy g (Gal(E, K)) has a
normal subgroup isomorphic to Ga(q).

~

C
1+
b) <

For deducing (7.2) from (7.1), we need the following three auxiliary lemmas.

Unitary Lemma (7.3). Let V be a vector space over k of finite dimension d > 2.
Assume that ¢ = (¢')? where ¢ is a power of p, and let b be a nondegenerate
hermitian form on V. Then we have the following.

(7.8.1) For any H < GL(V') we have

SU(V,b) < H < PSU(V,b) < Oy (H),
H < GU(V,b) < Oy (H) < PGU(V,b),
SU(V,b) < H < SU(V,b) < H < GU(V,b),
PSU(V,b) «©y (H) < PSU(V,b) < Oy (H) < PGU(V, b).

(7.5.2) If H < U(V,b) is such that SUV, V') < H for some nondegenerate her-
mitian form b on V, then U(V,b) = UV, V') and SU(V,b) = SUV, V).

The four implications of (7.3.1) are proved in (5.1), (5.6), (5.2) and (5.4) of [Ab4]
respectively. To prove (7.3.2), let H < U(V,b) be such that SU(V,b") < H for some
nondegenerate hermitian form ' on V. Then SU(V,d') < U(V,b) N U(V,V') and
hence by (2.10.3) and (2.10.6) on pages 48-50 of [KLi| we get U(V,b) = U(V,¥)
and SU(V,b) = SU(V, V).

Orthogonal Lemma (7.4). Let V be a vector space over k of finite dimension
d > 3, and let ¢ be a nondegenerate quadratic form on V. Then we have the
following.
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(7.4.1) For any H < GL(V') we have
QV,e) < H < PQ(V,¢) < Ov(H),
H < GO(V,c) = Oy (H) < PGO(V,¢),
QV,e)<H < Q(V,e) <H < GO(V,¢),
PQ(V,c) a0y (H) & PQ(V,c) <Oy (H) < PGO(V,¢).

(7.4.2) If H < O(V,c) 1is such that Q(V,c') < H for some nondegenerate qua-
dratic form ¢ on 'V, then O(V,c) = O(V,c') and Q(V,c) = Q(V, ') with witt(c) =
witt(c').

The four implications of (7.4.1) are proved in (5.1), (5.6), (5.2) and (5.4) of [AbE]
respectively; although in [AD6], d was assumed even, the argument given there
applies when d is odd. To prove (7.4.2), let H < O(V, ¢) be such that Q(V,¢') < H
for some nondegenerate quadratic form ¢’ on V. Then Q(V,¢') < O(V,¢)NO(V, )
and hence by (2.10.3) and (2.10.6) on pages 48-50 of [KLi] we get O(V,¢) = O(V, ')
and Q(V,¢) = Q(V, ) with witt(c) = witt(c).

Supplementary Unitary Lemma (7.5). Let V' be a vector space over k of even
finite dimension d = 2m > 4, and let b be a nondegenerate hermitian form on an

antecognate 1% of V.. Then we have the following.
(7.5.1) For any H < GL(V') we have

SU(V,b) < H < Oy(SU(V,b)) < Oy (H),
H<TU,(V,b) = Oy (H) < Oy (T Uy(V,b)),
SU(V,b)<H < SUV,b) < H <TUs(V,b),
Ov (SU(V,b)) 1Oy (H) < Oy (SUV,b)) < Oy (H) < Oy (T Us(V,1)).

(7.5.2) If w € k* and H < TL(V) are such that every h € H maps F,, = {v €
V : b(v,v) = w} onto itself, then H acts imprimitively on F,, with blocks of size
qg+1.

(7.5.3) If for some nonsingular quadratic form ¢ on'V and some H < O(V,c)
we have Oy (SU(V,b)) <Oy (H), then, for every w € k*, H acts imprimitively on
Fy={veV:c(v)=w} with blocks of size ¢+ 1.

The proof of the first implication of (7.5.1) is completely parallel to the proofs
of the first implications of (7.3.1) and (7.4.1). They all follow from the following
claim: Let © : L — L be an epimorphism of finite groups such that ker © is
contained in the center Z(L) of L, and (a given prime) p does not divide its size
[ker ©|. Also let S be a quasi-p subgroup of L (i.e., S is generated by p-power order
elements), and let H be any subgroup of L. Then S < H < O(S) < ©(H) and
S<H < 0(S)<«0(H).

To apply the claim take ©y and L = GL(V), and in cases (7.3.1), (7.4.1), (7.5.1)
take S = SU(V,b), Q(V,¢), SU(V,E) respectively. Also note that the quasi-p-ness
of SU(V,b), and hence of SU(V,b), is indicated near (5.1) of [Ab4], and the quasi-
p-ness of Q(V,¢) is indicated near (5.1) of [Ab6].

The “=7 parts of the claim are obvious. Now suppose O(S) < ©(H). Take any
p-power order element 7 in S. Then ©O(r) is p-power order. Also O(w) € O(S5) <
O(H) and hence O(m) = O(n’) for some 7/ € H. Since ker © < Z(L) and |ker O]
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is nondivisible by p, we get ©’ = an for some o € Z(L) such that the order u of
a is nondivisible by p. Now 7'# = w# and hence upon letting (z) denote subgroup
generated by = we get m € (m) = (7)) = (n'#) < H. Since S is generated by such
elements 7, we conclude that S < H. Now suppose that ©(S) < ©(H). Then for
every T as above, and every h € H we have that ©(h)O(m)O(h~!) is a p-power
order element in S; taking a ©-preimage 7* of this in S we have hrh~! = 3r* for
some 3 € ker ©; Since the order v of 3 is prime to p, we get ha*h~! = 7" € §
and hence hrh™! € h(m)h=! = h{(z¥)h~! < S. This being so for every such 7, we
conclude that S< H.

The proof of the second implication is also completely parallel to the proofs of
the second implications of (7.3.1) and (7.4.1). They all follow from the obvious
facts that for any group epimorphism © : L — L and any subgroups H and G of L
we have H < G = O(H) < O(G), and if ker © < G, then O(H) < O(G) = H < G.

As in (7.3.1) and (7.4.1), our third implication is equivalent to the equation
NL(S) = FUQ(V,E) for the normalizer N.(S) of S = SU(V,~) in L = GL(V).
To prove this normalizer equation, let C1,(S) be the centralizer of S in L, and let
us counsider the endomorphism ring R of V over GF(q); note that R is naturally
isomorphic to the ring of 2m by 2m matrices over GF(gq), and L is the set of all
units in R. By (2.10.2) on page 48 of [KLi| we see that Cr(S) is the multiplicative
group of all nonzero elements in an overfield ® of ¥ = HL(V) U {0} in R whose
field degree 8 is a factor of 2m. Clearly, HL(V)U {0} is a subfield of ® and its field
degree over U is 2, and hence § = 2¢ for some integer € > 0. Now & is isomorphic
to GF(¢?*¢) and V can be regarded as an (m/¢)-dimensional vector space V. over
GF(¢*) and then we get S < GL(V.). Therefore, |S| divides |GL(V;)|. By order
formulas, the highest powers of p which divide these orders are ¢"™(™~1/2 and
¢™\("/9)=1) respectively, and hence m(m —1)/2 < m((m/e) —1). Consequently, we

must have e = 1. Therefore, ® = HL(V) U {0} and hence upon letting ®* be the
multiplicative group of nonzero elements of ® we get C1(S) = ®* = HL(V).

To continue with the proof of the third implication, we get a homomorphism
A Np(®*) — Gal(®, ¥) which sends every h € Nr(®*) to the conjugation map
x + hah~! with  varying in ®. Clearly, ker A = CL(®*) = GL(‘N/). Let y1, ..., Ym
be a GF(g?)-basis of V which is orthonormal relative to b. Then we get an order

two element 7 in I'Ly(V') which sends a1y1 + -+ - + @m¥Ym, with ay, ..., a, varying

in GF(¢?), to aly1 + -+ + ad,ym. Clearly, 7 generates I'Ly(V) over the index two
normal subgroup GL(V). Also, clearly 7 € Np(®*). Since |Gal(®, ¥)| = 2, we
must have Nz (®*) = I'Ly(V). Again, 7 generates T'Uy(V,b) over the index two
normal subgroup GU(V,b), and we easily see that 7 € Np(S). Now Ny(S) <
NL(CL(S)) = Np(®%) = TLy(V) and every g € I'Ly(V) can be written as g = hr'
with » € GL(V) and i = 0 or 1. Moreover, gSg~* = h(r*S7~")h~! = hSh™!, and
hence by the third implication of (7.3.1) we see that g € NL(S) < h € GU(V,E).
Thus we conclude that Ny (S) = TUy(V, b).

The fourth implication follows from the third exactly as in (7.3.1) and (7.4.1).
Alternatively, it also follows from the second half of the claim and the first three
implications.

To prove (7.5.2), let w € k* and H < T'L(V) be such that every h € H maps
F, ={v €V :b(v,v) = w} onto itself. Fix a primitive (¢> — 1)-th root w of 1 in
GF(¢?). Then w(@ 1 with 1 < i < ¢ + 1 are exactly all the distinct elements of
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GF(q?) whose norm over GF(q) is 1. Define u ~ v < u = w(@ iy for some i with
1 <7< g+ 1. This is an equivalence relation on ﬁw. The equivalence classes under
it are blocks of size g + 1 for the said imprimitive action of H on E,.

Finally, to prove (7.5.3), let H < O(V, ¢), where ¢ is a nonsingular quadratic form
on V, be such that Oy (SU(V,b)) <Oy (H). Then by (7.5.1) we get SU(V,b)) <
H < T'Uy(V,b). For every w € k let F,, = {v € V\ {0} : ¢(v) = w} and

Fo={veV\{0}: b(v,v) = w}. By (2.10.5)(ii) on page 49 of [KLil, it follows that
(Fuw)wek and ( Fi)@er are the respective orbits s of O(V, ¢) and u(v, b) on V\{0} and,
since SU(V,b) < H < O(V, ¢), we see that (Fig)gek is a subpartition of (Fy)wek,
i.e., each set F,, is the union of a certain number of sets ﬁ@. Therefore, by the
possible sizes of F,, and ﬁg, (which are well-known), we conclude that Fy = ﬁo and
F, = ~U(w) for all w € k* where o is a permutation of k*. Now by (7.5.2) we see
that, for every w € k*, H acts imprimitively on F,, = {v € V' \ {0} : ¢(v) = w}
with blocks of size g + 1.

This completes the proof of (7.5).

Remarks. (1) Note that in the three cases, i.e., in (7.3.1), (7.4.1), and (7.5.1), the
second part of the claim (which we have proved directly) follows from the four
implications of each case.

(2) An alternative approach to the first and the fourth implications of (7.5.1)
would proceed via the following easy result. Let L be a finite group and M a
normal subgroup of L contained in the center Z(L) of L, and let S be an unsolvable
subgroup of L with the property that all proper normal subgroups of S are contained
in the center Z(S) of S. Then for any subgroup H of L we have S < H < SM/M <
HM/M and S<H < SM/M <«HM/M.

(3) The second part of the proof of the third implication of (7.5.1) which in-
volves some explicit constructions may be replaced by a more conceptual argu-
ment. Namely, N1(S) < Np(CL(S)) = Np(®*) = I'Ly(V) and hence Np(S5) =
NFLz(;/)(S). It only remains to show that NFLZ(V/)(S) = T'Uy(V) which is straight-
forward.

Now we turn to deducing (7.2) from (7.1). So let E(Y) € K[Y], d, ¢, E,(Y)
and D,, be as in the preamble of (7.2). Also let V = V[E], and for every w € k
let Fyy = {v € V\ {0} : ¢(v) = w}. Then clearly F,, as w varies in k, gives all the
distinct orbits of Gal(F, K) on V' \ {0}. Moreover, |Fo| = Dy — 1, and |Fy,| = Dy
for every w € k*.

To prove (7.2.a), assume that d = 2m > 8 is even with m even, and E is ¢*-
linear with GF(¢?) C k4, and Gal(E,K) < U(V b) for a V-antecognate b of ¢
where V = V[E], and Dy = 1+ (¢" — 1)(¢"~! + 1) with Dy, = ¢""(¢™ - 1)
for every w € k*. Let G = Op(H H) with H = Gal(E,K). Then all the H-
orbits Iy, with w varying over k* fuse into a single G-orbit in 77(‘7) and its size is
|Uerx Ful/(@®=1) = (@—1)g" (¢ = 1)/(¢* = 1) = ¢" (¢ —1)/(¢+1). The
only other H-orbit in P(V) is the projection of Fy and its size is |F0|/(q -1) =
(@™ =) (g™ +1)/(¢*— 1). Now by taking (¢,m,V,G) = (¢, m/2, Vv, G) in (7.1.a)
we conclude that O (SU(V 4 ))<G for some nondegenerate form o on V, and then
by (7.3) we get SU(V,b) < H.

Next, to prove (7.2.b), assume that d = 2m > 8 is even with m even, and
Do =1+ (¢™ — 1)(¢™ * + 1) with D,, = ¢ 1(¢™ — 1) for every w € k*. Let
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G = Oy (H) with H = Gal(E, K). Then, in case of ¢ even, all the H-orbits F,, with
w varying over k* fuse into a single G-orbit in P(V) and its size is |, cpx Fuwl/
(q—1)=(g—1)g™ g™ —1)/(g—1) = ¢ ' (¢™ — 1) whereas, in case of ¢ odd, all
the H-orbits F,, with w varying over k*? fuse into a single G-orbit in P(V') and its
size is | Uyepxe Ful/(g—1) = (1/2)(g = 1)g™ (g™ = 1)/(¢— 1) = ¢" ' (¢™ — 1)/2,
and all the H-orbits F,, with w varying over k* \ k*? also fuse into a single G-orbit
in P(V) and its size is | Uy, e Ful/(@—1) = (1/2)(g=1)g™ (g™ =1)/(¢—1) =
q™ (g™ —1)/2. The only other H-orbit in P(V) is the projection of Fyy and its size
is | Fol/(g—1) = (¢™—1)(¢™ ' +1)/(¢—1). Now by (7.1.b) we conclude that either
(i) PQ(V, ') <G for some nonsingular quadratic form ¢ on V' with witt(¢') = m, or

(ii) Oy (U(V,b)) <G for some nondegencrate hermitian form b on some antecognate
V of V, or (iii) d = 8 and G has a normal subgroup isomorphic to Q(7,q). If (i),
then by (7.4) we get Q(V,c) <« H with witt(c) = m. If (ii), then by (7.5.3) we see
that, for each w € k>, H acts imprimitively on F,, with blocks of size ¢+ 1. If (iii),
then obviously d = 8 and Oy (H) has a normal subgroup isomorphic to (7, q).

Now, to prove (7.2.c), assume that d = 2m > 6 is even with m odd, and Dy =
1+ (g™ —1)(¢m™ 1 +1) with D, = ¢™(¢"™ —1) for every w € k*. Let G = Oy (H)
with H = Gal(E, K). Then, in case of ¢ even, all the H-orbits F,, with w varying
over k* fuse into a single G-orbit in P(V) and its size is [, cpx Fuwl/(¢ — 1) =
(g —1)gm™ g™ —1)/(qg—1) = ¢ 1(¢™ — 1) whereas, in case of ¢ odd, all the
H-orbits F,, with w varying over k*? fuse into a single G-orbit in P(V) and its size
is |Uperxe Pul/(a—=1) = (1/2)(a—1)¢" " (g™ = 1)/(a—1) = ¢" "' (¢™ —1)/2, and
all the H-orbits F,, with w varying over kX \ k%2 also fuse into a single G-orbit in
P(V) and its size is | Uy crons s Fl/(0— 1) = (1/2)(g— D)g™ (g™ — 1)/(g— 1) =
q™ (g™ — 1)/2. The only other H-orbit in P(V) is the projection of Fyy and its
size is |Fo|/(g—1) = (¢™ —1)(¢™ ' +1)/(¢ — 1). Now by (7.1.c) we conclude that
PQ(V, ') <G for some nonsingular quadratic form ¢’ on V with witt(¢') = m, and
then by (7.4) we get Q(V, ¢) <« H with witt(c) = m.

Finally, to prove (7.2.d), assume that d = 2m + 1 > 7 is odd with ¢ odd, and
Do =1+ (¢*™ — 1) with D, = ¢™(¢™ + 1) for every w € k* according to whether
w € kX2 orw ¢ k*2. Let G = Oy (H) with H = Gal(F, K). Then, all the H-
orbits F,, with w varying over k*? fuse into a single G-orbit in P(V) and its size
is [Uyperx> Ful/(a—=1) = (1/2)(g = 1)¢"(¢" + 1)/(g — 1) = ¢"(¢" +1)/2, and all
the H-orbits F,, with w varying over k> \ kX2 also fuse into a single G-orbit in
P(V) and its size is [, epx\ g2 Fwl/(@ —1) = (1/2)(¢ = 1)g™(¢™ = 1)/(g — 1) =
q™(q"™ —1)/2. The only other H-orbit in P(V) is the projection of Fy and its size
is |[Fol/(g — 1) = (¢*™ — 1)/(g — 1). Now by (7.1.d) we conclude that either (i)
PQ(V,c') « G for some nonsingular quadratic form ¢’ on V with witt(¢') = m, or
(ii) d = 7 and G has a normal subgroup isomorphic to Ga(q). If (i), then by (7.4)
we get Q(V,¢) < H with witt(c) = m. If (ii), then obviously d = 7 and ©y (H) has
a normal subgroup isomorphic to G2(q).

As said in the beginning of this section, we shall use the following SL and 2
criterion given in Corollaries 4.3 and 4.4 of [Inl].

Criterion (7.6). For any monic separable vectorial q-polynomial E(Y') of q-degree
d>01inY over K we have the following.

(7.6.1) Upon letting a be the coefficient of Y in E(Y), the image of Gal(E, K)
under the determinant map GL(V[E]) — k™ has order (¢ — 1)/l where | is the
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largest divisor of ¢ — 1 for which (—1)% is an I-th power in K. In particular,
Gal(E,K) < SL(V[E]) & (—1)% is a (¢ — 1)-th power in K.

(7.6.2) If q is odd and c is a nonsingular quadratic form on V[E] such that
Gal(E, K) < O(V[E],c), then by letting Ew(Y) = [,ev(a) with c(v)=w(Y —v) and
D,, = the Y -degree of E.,(Y') for every w € k™, we have Gal(E, K) < Q(V[E],¢) &
(=1)Pw/2E,,(0) € kX2 for all w € k.

Remark. We take this opportunity to point out that a statement in [In1] is incorrect:
“G is a subgroup of the kernel of the spinor norm if and only if ¢ is a nonsquare
in IF;” should read “G is a subgroup of the kernel of the spinor norm if and only if
ce is a square in F,” and the index d/2 in the definition of ¢, appears as d.

We shall now prove the following corollary of (7.6.1), (7.6.2), (6.2.12), and (5.1).

Corollary (7.7). In the situation of (6.1) with K = ky(X), upon letting c be the
nonsingular quadratic form on V[E] given by v — C(v), we have the following.

(7.7.1) Ga(E, K) < SL(V[E]).

(7.7.2) If q is odd, then Gal(E,K) ¢ Q(V[E],c).

(7.7.3) If d = 2m > 6 is even and m is even with E = ET, then the action of
Gal(E,K) on Fy = {v € V[E] : ¢(v) = 1} cannot be imprimitive with blocks of size
qg+1.

(7.7.4) If d = 2m > 8 is even and m is even with E = E'T and GF(¢?) C ky,
then E is q*-linear and there is a unique nondegenerate hermitian form b on V[E]
such that E(v) = ¢(v) for all v € V[E); (note that according to the terminology
introduced at the beginning of this section, V[E] is a natural antecognate of V[E|,
and b is a V[E]—antecognate of ¢). Moreover, Gal(E, K) < U(‘//\'[E],E) and

[Gal(E, K) : Gal(B,K) N SUV[E],b)] = ¢ + 1 = [UV[E],b) : SUVE],b)].

Namely, (7.7.1) follows from (7.6.1) by noting that, by letting a be the coefficient
of Y in E(Y), we have (—1)%a = X% ! = a (¢ — 1)-th power in K.

Likewise, if ¢ is odd, then (7.7.2) follows from (7.6.2) by noting that, if d is
even, then, in view of (6.2.12), for every w € k* we have (—1)P»/2E,,(0) = +X ¢
k*2 and if d is odd, then, in view of (6.2.15), for every w € k* \ kX2 we have
(—=1)Pw/2E,(0) = +£X ¢ k*2.

To prove (7.7.3) assume that d = 2m > 6 is even and m is even with £ = ET,
and suppose if possible that the action of Gal(E, K) on F} = {v € V[E] : ¢(v) =1}
is imprimitive with blocks of size ¢ + 1. By (6.2.4), (6.2.6), (6.2.7), (6.2.12), the
action of Gal(F,K) is faithful on the roots Fy of E1(Y) = Pi(Y) + X where
P(Y) = A(Y)TH/(J(Y) — 1) € k[Y] is monic of degree D; = ¢™ 1(¢™ — 1)
with A(Y) = Y<" 7 YO 4 y9 - ¥ and J(Y) = Y peicn o Y9
D oi<i<m—2 ya" "' +4" | In view of Liiroth’s Theorem, the imprimitivity assumption
says that Py (Y) = R(S(Y)) where S(Y) € k[Y] and R(Y) € k[Y] are monic of
degrees ¢ + 1 and D1/(q + 1) respectively. Let prime denote Y-derivative. Then
clearly

(o) A'(Y)=—1and P (Y) = AY)[AY)/(J(Y) - 1)]4.

Therefore, P{(Y) = A/(Y)[AY)/(J(Y) - 1)]2 = —[A(Y)/(J(Y) — 1)]9, and hence
Pi(Y) € P{(Y)k[Y]; since P1(Y) = R(S(Y)), we also get P{(Y) = R'(S(Y))S"(Y).

Therefore, every root a of S/(Y) (in the algebraic closure k of k) is a multiple
root of P;(Y). Because of (e), the multiplicity of a root of Pi(Y) is either 1 or
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q + 1. Therefore, any root a of S/(Y) is a root of P;(Y) of multiplicity ¢ + 1. Let
8 = S(a). Then « is a multiple root of S(Y) — 3, say of multiplicity p > 1, and
is a root of R(Y) of multiplicity v with v = ¢+ 1. If v > 1, then any other root ~y
of S(Y') — 8 must have multiplicity ¢ + 1 as a root of P;(Y") and multiplicity p as a
root of S(Y) — 3, and hence S(Y) — 8 would have v roots a1, ..., a, of multiplicity
p and each would have multiplicity u — 1 as a root of S’(Y) (we know that p is
prime to ¢ because p divides g+ 1); this gives (u— 1) roots of S’(Y"), which is more
than half, but not all the roots; this leads to a contradiction. Therefore, v = 1 and
hence p = g+ 1. Thus

(v0) S(Y)=B=(Y —a).

By (e) we see that P(Y) = (J(Y) —1)[A(Y)/(J(Y) —1)]?"! where the polynomial
J(Y)—1 has no multiple roots and has no common root with [A(Y")/(J(Y)—1)]9H1;
since Py (Y) = R(S(Y)), we can uniquely write R(Y) = R(Y)R*(Y) where R(Y) €
k[Y] with E(ﬁ) # 0 is monic having only simple roots (in k), R*(Y) € k[Y]
with }A%*(ﬁ) = 0 has no simple root other than 3, and the polynomials R(Y)
and R*(Y) have no common roots; by substituing S(Y) for Y we get Pi(Y) =
R(S(Y))R*(S(Y)) and in view of (ee) we see that R(S(Y)) has only simple roots
and it has no common roots with R*(S(Y")) which has only multiple roots; conse-
quently, by uniqueness we must have

JY)=1=R(S(Y)) and [A(Y)/(J(Y)- D" = R*(S(Y)).
Therefore, by (ee) we see that
(eoe) {J(Y +a) = R(YH) with

R(Y) € k[Y] monic of degree (¢°™ 3 +¢™2)/(q +1).

2m—3 m 27n—4+q7n—

Now J(Y)=Y? "¢ Ty “+ (terms of degree < ¢?™~*+4¢™~2), and
hence J(Y +a) = YO 0" L qd" Ty @ _y @ T 0" (terms of degree <
@™ 4 4+ ¢™=2) where the three exhibited exponents of Y are all distinct, and
out of them the first and the third (which have nonzero coefficients) cannot be
simultaneously divisible by ¢ + 1; this contradicts (e e e).

To prove (7.7.4) assume that d = 2m > 8 is even and m is even with £ = E'f
and GF(¢?) C k,. Then E(Y) € K[Y] is ¢?-linear of ¢*>-degree m and hence V[E]
has the structure of an m-dimensional vector space V[E] over GF(¢2), and C(Y) is
easily seen to be ¢?-hermitian of ¢?-herdegree < m — 1. Therefore, by (5.1) there is
a unique hermitian form b on V[E] such that b(v) = c(v) for all v € V[E]. Since ¢
is nondegerate, so is b. By (5.1) and (6.1) we also see that Gal(E, K) < U(‘A/[E],B)
Since (—1)™a = X971, the largest divisor [ of ¢? — 1 for which this is an [-th power
in K is ¢ — 1. Consequently, by (7.6.1) we see that the image of Gal(E, K) under
the determinant map of GL(V[E]) onto the nonzero elements of GF(q2) has order
q + 1. Therefore,

~ —~ -~

[Gal(E, K) : Gal(E, K) N SU(V[E],b)] = ¢ + 1 = [U(V]E],b) : SU(V|E], )]

where the last equality is well-known.
Finally, we are ready to prove our Main Theorem.

Main Theorem (7.8). In the situation of (6.1) with K = kq(X), by letting ¢ be
the nonsingular quadratic form on V[E] given by v — C(v), we have the following.
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(7.8.1) If d = 2m+1 > 7 is odd and q is odd with E = E°, then E is almost
strong genus zero and we have Gal(E,K) = SO(V[E],c) = SO(2m + 1,q).

(7.8.2) If d = 2m + 1 > 9 is odd and q is even with E = E°, then we have
Gal(E,K) = SO(V[E],c) = O(V[E],c) = O2m + 1,q) = SO(2m + 1,q).

(7.8.3) If d = 2m is even, with either E = ETt and m > 2 or E = Et and
m > 3, then E is almost strong genus zero.

(7.8.4) If d = 2m is even and m is odd, with either E = E' and m > 2 or
E = E* and m > 3, then witt(c) = m and we have Gal(E,K) = SO(V[E],c) =
SO (2m, q), except that if q is even, then we may have Gal(E,K) = Q(V[FE],c) =
Qt(2m, q).

(7.8.5) If d = 2m > 8 is even and m is even with E = E*, then witt(c) = m
and we have Gal(E,K) = SO(V[E],c) = SO (2m, q), except that if q is even, then
we may have Gal(E,K) = Q(V[E],¢) = Q" (2m, q).

(7.8.6) If d = 2m > 8 is even and m is even with E = E'T and GF(q?) C k,, then
E is ¢*-linear and with ‘7[E] and b as in (7.7.4) we have Gal(E,K) = U(‘A/,A) =
U(m,q).

(7.8.7) If d = 2m > 4 is even with E = E* and q = (¢')* where ¢’ is a power
of p as in Section 1, then E is almost strong genus zero and we have Gal(E,K) =
U2m, ).

Briefly, in view of (6.1), (6.2) and (7.7), this follows by invoking the Vectorial
(Version of Liebeck’s) Orbit Size Theorem (7.2), the Guralnick-Saxl list of possible
strong genus zero coverings [GSal, and Hering’s Theorem as given in the Appen-
dix of Liebeck [LiI]. In greater detail, tacitly using (6.1) and (6.2), we have the
following.

Item (7.8.1) follows from (7.7.1)—(7.7.2) and case (7.2.d) of the Vectorial Orbit
Size Theorem, with the clarification that because F is almost strong genus zero by
(6.2.4) and (6.2.15), Ga(q) is eliminated by Guralnick-Saxl [GSal; see the remark
below.

In the situation of (7.8.2), orbit sizes do not work, but Gal(E, K) acts transitively
on the nonzero vectors in the quotient space V[E]/W where W = k as in (6.1), and
so we may use Hering’s Theorem (cf. Appendix of [Lill), with the understanding
that G2(q) is excluded by the assumption of d # 7.

Ttem (7.8.3) follows from (6.2.4) and (6.2.12).

Item (7.8.4) follows from (7.7.1)—(7.7.2) and case (7.2.c) of the Vectorial Orbit
Size Theorem.

To prove (7.8.5) assume that d = 2m > 8 is even and m is even with E =
E*. Then by case (7.2.b) of the Vectorial Orbit Size Theorem we have either
(i) witt(c) = m and Q(V[E],¢) <« Gal(E, K), or (ii) Gal(E, K) acts imprimitively
on F; = {v € V[E] : ¢(v) = 1} with blocks of size ¢ + 1, or (iii) d = 8 and
Oy(g)(Gal(E, K)) has a normal subgroup isomorphic to €2(7,¢). In view of (7.8.3),
by the Guralnick-Saxl list [GSa] we see that (iii) cannot occur; see the remark
below. Likewise, by (7.7.3) we see that (ii) cannot occur. Therefore, we must have
(i). Now by (7.7.1) and (7.7.2) we see that Gal(E, K) = SO(V[E], ¢) = SOt (2m, q),
except that if ¢ is even, then we may have Gal(E, K) = Q(V[E],c) = Q1 (2m, q).

To prove (7.8.6) assume that d = 2m > 8 is even and m is even with F = ETT
and GF(¢?) C k,. Then clearly E is ¢*-linear and by (7.7.4) we know that ¢ has a

V[E]-antecognate b and for it we have Gal(E,K) < U(V|E],b) and
[Gal(E, K) : Gal(E, K) N SU(VIE],b)] = ¢ + 1 = [U(V[E],b) : SU(VE],b)].
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~

Now by case (7.2.a) of the Vectorial Orbit Size Theorem we get SU(‘//\'[E],b) <
Gal(E, K), and therefore we must have Gal(E, K) = U(V[E],b).

Finally, as indicated in the Introduction, (7.8.7) follows from (7.8.3) and (7.8.6)
simply by changing notation.

Remark. Guralnick and Saxl ([GSa]) consider Galois extensions k(Y) over k(X)
where f(Y) € k[Y] is an indecomposable polynomial over a field k of characteristic
p and X = f(Y). They give permutation group theoretic conditions that the
Galois group of k(Y') over k(X) must satisfy and then classify all finite primitive
permutation groups satisfying these conditions. The list of possible groups includes
precisely the unitary and orthogonal groups that are the focus of this paper ([GSal,
Theorem 3.1 case (B)(i)). In our terminology the polynomial f(Y) — X is strong
genus zero.

To apply the Guralnick-Saxl Theorem we find it convenient to use the following:
Let G be the Galois group of a strong genus zero polynomial f(Y) — X of degree
n over the field k(X)) where k is a field of characteristic p, and suppose that S is a
non-abelian composition factor of G. Then there is an indecomposable polynomial
g(Y) € k[Y] of degree dividing n such that S is a composition factor of the Galois
group of the strong genus zero polynomial g(Y) — X over k(X).

In the case of G2(q) we note that no exceptional groups of Lie type occur in the
Guralnick-Saxl list.

In the case of O(7,q) we have a strong genus zero polynomial of degree
¢*(¢* — 1). Now this group only occurs on the Guralnick-Saxl list in an action
of degree ¢®(¢> — 1) except when ¢ = 3, when there is an additional action of degree
3159. Since ¢®(¢® —1) does not divide ¢3(¢* —1) and 3159 does not divide 33(3*—1),
we conclude that this case cannot occur.
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